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Nanoﬂuids
Surfactant solutionsThe recent progress in theoretical and experimental studies of simultaneous spreading and evaporation of liquid
droplets on solid substrates is discussed for pure liquids including nanodroplets, nanosuspensions of inorganic
particles (nanoﬂuids) and surfactant solutions. Evaporation of both complete wetting and partial wetting liquids
into a nonsaturated vapour atmosphere are considered. However, themain attention is paid to the case of partial
wetting when the hysteresis of static contact angle takes place. In the case of complete wetting the spreading/
evaporation process proceeds in two stages. A theory was suggested for this case and a good agreement with
available experimental data was achieved. In the case of partial wetting the spreading/evaporation of a sessile
droplet of pure liquid goes through four subsequent stages: (i) the initial stage, spreading, is relatively short
(1–2 min) and therefore evaporation can be neglected during this stage; during the initial stage the contact
angle reaches the value of advancing contact angle and the radius of the droplet base reaches its maximum
value, (ii) the ﬁrst stage of evaporation is characterised by the constant value of the radius of the droplet base;
the value of the contact angle during the ﬁrst stage decreases from static advancing to static receding contact
angle; (iii) during the second stage of evaporation the contact angle remains constant and equal to its receding
value, while the radius of the droplet base decreases; and (iv) at the third stage of evaporation both the contact
angle and the radius of the droplet base decrease until the drop completely disappears. It has been shown theo-
retically and conﬁrmed experimentally that during theﬁrst and second stages of evaporation the volumeof drop-
let to power 2/3 decreases linearlywith time. The universal dependence of the contact angle during the ﬁrst stage
and of the radius of the droplet base during the second stage on the reduced time has been derived theoretically
and conﬁrmed experimentally. The theory developed for pure liquids is applicable also to nanoﬂuids, where a
good agreementwith the available experimental data has been found. However, in the case of evaporation of sur-
factant solutions the process deviates from the theoretical predictions for pure liquids at concentration below
critical wetting concentration and is in agreement with the theoretical predictions at concentrations above it.
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angle hysteresis
It is well established that kinetics of wetting and spreading of pure
liquids in the absence of body forces is completely determined by the
surface forces action in a vicinity of the three phase contact line [1].
There are numerous publications on themeasurements of surface forces
and their applications (see for example [1–6]). A manifestation of sur-
face forces action is the presence of disjoining/conjoining pressure,
which was suggested to refer as “Derjaguin's pressure” to recognise B.
Derjaguin's contribution to the area [7].
A theory of kinetics of spreading of droplets in the case of complete
wetting has been suggested some time ago and experimentally veriﬁed
[1,8,9]. Comparison with available experimental data of the theoretical
predictions showed both a qualitative and a quantitative agreement
[1]. It is important to notice for the discussion below that in the case
of completewetting there is no contact angle hysteresis: a liquid droplet
being deposited on a solid substrate spreads out completely, a dynamic
contact angle, θ(t), decreases over time to zero value. Isotherm of
Derjaguin's pressure in the case of complete wetting is schematically
shown by curve 1 in Fig. 1.
Isotherms of type 1 are observed in cases of complete wetting, for
example, oil on quartz, glass, and metal surfaces [2]. Isotherms for the
partial wetting (curve 2 in Fig. 1) are observed for water and aqueous
electrolyte solutions on a wide range of solid surfaces, for example on
quartz, glass, andmetal surfaces [2]. Liquid ﬁlmswith a thickness h b h-
min are referred to as α — ﬁlms, which are thermodynamically stable.
Much thicker ﬁlms with h N hmax are referred to as meta-stable β-
ﬁlms. Flat liquid ﬁlms in between hmin b h b hmax are unstable.
Situation differs in the case of partial wetting: a liquid droplet after a
deposition spreads out until some critical contact angle is reached,
which is referred to as a static advancing contact angle, θa. After that a
macroscopic motion does not proceed any longer, though a slowmicro-
scopic spreading in front of the meniscus in the region of thin liquidFig. 1. Two types of isotherms of disjoining pressure: 1 — complete wetting case, 2 —
partial wetting case.ﬁlms still goes on [1,10]. In the case of decreasing of volume, for exam-
ple due to evaporation, droplet will start receding only after a static re-
ceding contact angle, θr, is reached. The latter phenomenon is referred to
as a contact angle hysteresis and it is present in the case of partial or
non-wetting. Derjaguin's pressure in the case of partial wetting is sche-
matically shown by curve 2 in Fig. 1. Note that the equilibrium contact
angle, θe, in the case of partial wetting on smooth homogeneous solid
substrate can be expressed approximately as cosθe≈1− S−−Sþγ (see
Fig. 1), where γ is a liquid–air interfacial tension, Sþ−S− ¼ ∫
∞
h0
Π hð Þdh,
and Π is the disjoining pressure. See [1] for more details.
Explanation of a hysteresis of contact angle on smooth homoge-
neous solid substrates is related to the s-shape isotherm of Derjaguin's
pressure [1,7] (curve 2 in Fig. 1). This explanation is qualitatively de-
scribed below.
Let us consider the static hysteresis of contact angle in the case of
partial wetting in a ﬂat capillary (Fig. 2). Consideration of the advancing
contact angle in the case of droplet is given in [7]. The capillary is in con-
tact with a reservoir, where the pressure, Pa − Pe, is kept, that is the
pressure in the reservoir is lower than the atmospheric pressure, Pa,
by the value of the excess pressure, Pe.
If we increase the pressure under the meniscus then the meniscus
does notmove but changes its curvature to compensate the excess pres-
sure and, as a consequence, the contact angle increases accordingly. The
meniscus does notmove until some critical pressure and critical contact
angle, θa, are reached. After further increase in pressure the meniscus
starts to advance. A similar phenomenon takes place if we decrease
the pressure under themeniscus: it does not recede until a critical pres-
sure and corresponding critical contact angle, θr, are reached. The latter
means that in the whole range of contact angles, θr b θ b θa, the menis-
cus does not move macroscopically. The presence of the contact angle
hysteresis shows that the actual equilibrium contact angle is very difﬁ-
cult to determine experimentally. It is the reason why only θa or θr is
usually reported.
It is obvious that on the smooth homogeneous solid substrate only
one contact angle corresponds to the equilibrium position and all the
other positions are not equilibrium ones. Explanation of the hysteresis
of contact angle on smooth homogeneous solid substrates is based on
the s-shaped isotherm of Derjaguin's pressure in the case of partial wet-
ting (curve 2, Fig. 1). Note, there are two branches on the isotherm
corresponding to stable ﬁlms (curve 2, Fig. 1). The thin α-ﬁlms are ther-
modynamically stable ones, whereas thick β-ﬁlms are metastable. This
particular shape of isotherm determines a very special shape of the tran-
sition zone in the case of equilibrium meniscus [1,7]. In the case of in-
creasing of the pressure behind the meniscus (Fig. 2a) a detailed
consideration [1,7] of the transition zone shows: close to the “dangerous”
point marked in Fig. 2a, the slope of the proﬁle becomes steeper with in-
creasing pressure. In region 3 in Fig. 2a there is a zone ofﬂow. Viscous re-
sistance in this region is very high because of very small thickness of the
ﬁlm, that is why the advancing of the meniscus proceeds very slowly.
After some critical pressure behind the meniscus is reached, the slope
at the “dangerous” point reaches π/2 and the fast “caterpillar” motion
starts as shown in Fig. 2a. (See [11] for more details).
In the case of decreasing the pressure behind themeniscus the event
proceeds according to Fig. 2b. In this case again up to some critical
Fig. 2.Hysteresis of contact angle in capillaries in the case of partial wetting (s-shaped isothermof Derjaguin's pressure). (a)— advancing contact angle. 1— a spherical meniscus of radius
ρa, 2 — transition zone with a “dangerous” marked point (see explanation in the text), 3 — zone of ﬂow, 4 — ﬂat ﬁlm. Close to the marked point a dashed line shows the proﬁle of the
transition zone just after the contact angle reaches the critical value θa, a beginning of a “caterpillar motion”. (b) — receding contact angle. 1 — a spherical meniscus of radius ρr b ρa, 2
— transition zone with a “dangerous”marked point (see explanation in the text), 3— zone of ﬂow, 4— ﬂat ﬁlm. Close to the marked point dashed lines show the proﬁle of the transition
zone just after the contact angle reaches the critical value θr.
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marked point becomes more and more ﬂat. In region 3 in Fig. 2b there
is a zone of ﬂow. Viscous resistance in this region again is very high,
that is why the receding of the meniscus proceeds very slowly. After
some critical pressure behind the meniscus is reached the proﬁle in
the vicinity of the “dangerous” point shows a discontinuous behaviour,
which is obviously impossible. That means the meniscus will start to
slide along thick β-ﬁlm [1,7]. That is, the meniscus will move relatively
fast leaving behind a thickβ-ﬁlm. The latter phenomenon (the presence
of a thick β-ﬁlm behind the receding meniscus of aqueous solutions in
quartz capillaries) has been discovered experimentally [12–14] and
supports our arguments explaining static contact angle hysteresis on
smooth homogeneous substrates (see [11] for more details).
The criticalﬁlm thickness in the case of static advancing contact angle
presented in Fig. 2a is around 10 nm. However, in the case of the static
receding contact angle (Fig. 2B) the critical thickness is considerably big-
ger, around 100 nm. Hence, according to this mechanism the solid sur-
face roughness less than 10 nm does not have any inﬂuence on both
static advancing and static receding contact angles and static receding
contact angle is less sensitive to the roughness of the solid substrate.
In the process of deposition of droplets the latter reach the ﬁnal po-
sition after the contact angle reaches the static advancing contact angle,
as discussed in details in [7] via analysis of events in a vicinity of the ap-
parent three phase contact line. This consideration revealed that the
static advancing contact angle in the case of droplets substantially dif-
fers from the corresponding static advancing contact angle in the capil-
laries: in the case of droplets the latter is not a unique property of
droplet–solid substrate system but depends on the droplet volume. It
was shown that the advancing contact angle of droplet increases with
a decrease of the droplet volume. This theoretical conclusionwas direct-
ly conﬁrmed experimentally in [15–17].
Thus, as discussed above, consideration of kinetics of spreading in
the case of partial wetting is not as straightforward as in the case of
complete wetting, because of a complicated form of s-shaped
Derjaguin's pressure isotherm (curve 2, Fig. 1) and this area is to be de-
veloped. Far more difﬁcult is the application of Derjaguin's pressure to
the case of kinetics of wetting and spreading on rough and non-
homogeneous solids, therefore this topic is to be investigated further.
A real physical explanation of wetting and spreading in the case of hy-
drophobic substrates is to be developed.2. Kinetics of simultaneous spreading and evaporation
Both diffusion-limited and phase change-limitedmodels of evapora-
tion are widely used in literature. Among others Ajaev et al. [18] andRednikov and Colinet [19] applied phase change-limited models of
evaporation.
Ajaev et al. [18] studied both static and dynamic values of the appar-
ent contact angle for gravity-driven ﬂow of a volatile liquid down of a
heated inclined plane. The authors investigated macroscopic boundary
conditions which could be used with a conventional continuum ap-
proach and agreed with the microscale phenomena at the contact line.
They found the proﬁle of the liquid–vapour interface and determined
the dependence of the macroscopic contact angle on the temperature
of the contact line and the velocity of its motion. The interface proﬁle
in the region was determined by a disjoining pressure action. It was
found that the curvature of the interface at that transition region is
very high.
Rednikov andColinet [19] studied themicrostructure of a contact line
formedby a liquid and its pure vapour for a perfectlywetted superheated
smooth substrate with a disjoining pressure in the form of a positive in-
verse cubic law. They took a spreading coefﬁcient as an independent pa-
rameter in their study. Results show that the regime of a truncated liquid
microﬁlm on a solid surface can be thermodynamically more stable than
the regime of an extended microﬁlm (covering the whole solid surface),
even if the spreading coefﬁcient is still positive (perfect wetting).
Below we consider a case of diffusion-limited evaporation. Other
models of evaporation (in particular phase change-limited evapora-
tion) are discussed in more details in the section “Evaporation of
microdroplets of pure liquids”.2.1. Singularities in a vicinity of the three phase contact line
Twomathematical singularities have to be overcome, which arise in
the case of theoretical consideration of simultaneous spreading and
evaporation of liquid droplets [11]: the ﬁrst point is associated with
thewell-knownproblemof a singularity at themoving three phase con-
tact line (a singularity of the viscous stress caused by an incompatibility
of non-slip condition on the solid substrate and free surface at the
liquid–air interface in a vicinity of the three phase contact line), the sec-
ond problem is associated with the speciﬁc behaviour of the evapora-
tion ﬂux at the perimeter of the droplet. Again, this singularity is
caused by an incompatibility of boundary conditions at the liquid–air in-
terface with those at the solid–liquid and the solid–air interface at the
three phase contact line and results in artiﬁcial inﬁnite increase of the
evaporation ﬂux in a vicinity of the three phase contact line [20,21].
Both singularities can be overcome by introducing the Derjaguin's
(disjoining/conjoining) pressure into the model, which dominates in a
vicinity of the apparent three-phase contact line [11,22–25]. Note that
the latent heat of vaporization and Marangoni convection [26] inside
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into account.
2.2. Dependence of the evaporation ﬂux on the droplet size
Theoretical and computer simulation studies [26–31] give the fol-
lowing equation for the evaporation rate of a sessile droplet:
dV
dt
¼−βF θð ÞL; ð1aÞ
where according to [32]
β ¼ 2πDM
ρ
c Tsurf
 
−Hc T∞ð Þ
 
or simply as
dV tð Þ
dt
¼−αL tð Þ; α ¼ βF θð Þ; ð1bÞ
where V is the droplet volume, t is the time, D, ρ, andM are the vapour
diffusivity in the air, the density of the liquid and the molar mass, re-
spectively; H is the humidity of the ambient air, and Tsurf is the average
temperature of thedroplet–air interface,Tsurf ¼ 1s ∫
S
Ts s; tð Þds[32],where
S is the liquid–air interface, Ts(s,t) is a temperature of the surface at the
position s on the interface and T∞ is the temperature of the ambient air;
c(Tsurf) and c(T∞) are the molar concentrations of saturated vapour at
the corresponding temperature; F(θ) is a function of contact angle θ,
which equals 1 atθ ¼ π2 [27]. According to [27] there is a simple polyno-
mial ﬁtting of this function in two ranges of contact angle as follows
F(θ) = (0.6366 ⋅ θ + 0.09591 ⋅ θ2 − 0.06144 ⋅ θ3)/sin θ if θ b π/18
and F(θ) = (0.00008957 + 0.6333 ⋅ θ + 0.116 ⋅ θ2 − 0.08878 ⋅ θ3 +
0.01033 ⋅ θ4)/sin θ if θ N π/18. Eq. (1a) was deduced for the model of
evaporation which takes into account diffusion only of the vapour in the
surrounding air. In the case of θ independent on L (the ﬁrst stage of evap-
oration) Eq. (1a) gives the evaporation rate directly proportional to the
radius of the droplet base, L.
It has been shown [32,33] that proportionality of the total evapora-
tionﬂux, J, to the droplet perimeter has nothing to dowith a distribution
of the local evaporation ﬂux, j, over the droplet surface in the case of suf-
ﬁciently big droplets (bigger than 1 μm). Let us reproduce the deriva-
tion of that statement by considering a stationary diffusion equation
for vapour in air:
1
r
∂
∂r r
∂c
∂r
 
þ ∂
2c
∂z2
¼ 0; ð2Þ
where r and z are the radial and vertical co-ordinates, respectively (see
Fig. 3); and c is the molar vapour concentration.
The local normal ﬂux, j, from the surface of the droplet is
j ¼−D∂c∂ n!

z¼h rð Þ
¼−D ∂c∂r

z¼h rð Þ
nr þ
∂c
∂z

z¼h rð Þ
nz
0@ 1A; ð3ÞFig. 3. A droplet on a solid substrate.where n!¼ nr;nzð Þ are a unit vector normal to the liquid–air interface
(pointing into the air), and its radial and vertical components, respective-
ly; and h(r) is the height of the droplet surface. Let us introduce dimen-
sionless variables using the same symbols as the original dimensional
ones but with an over-bar: z ¼ z=L; r ¼ r=L; c ¼ c=c∞; h ¼ h=L ,
where L is the radius of the droplet base, c∞ is the molar concentration
of the vapour in the ambient air. Then Eq. (3) can be rewritten as:
j ¼−D∂c∂ n!

z¼h rð Þ
¼−Dc∞
L
∂c
∂r

z¼h rð Þ
nr þ
∂c
∂z

z¼h rð Þ
nz
0@ 1A ¼ Dc∞
L
A r; zð Þ; ð4Þ
where A r; zð Þ ¼ ∂c∂r

z¼h rð Þ
nr þ ∂c∂z

z¼h rð Þ
nz
0@ 1A. Hence, the total ﬂux is
J ¼ 2π
ZL
0
rj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ∂h∂r
 2s
dr ¼ 2πLDc∞
Z1
0
rA r; zð Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ∂h∂r
 !2vuut dr: ð5Þ
The latter two equations show that the total ﬂux, J ~ L, and the local
ﬂux j ~ 1/L. Note, those properties do not depend on the distribution of
the local evaporation ﬂux, j, over the droplet surface. The latter conclu-
sions agree with the previous consideration by Cazabat et al. [34]. Note,
that those properties are valid only in the case of diffusion controlled
evaporation, that is, for a droplet bigger than 1 μm (see below).
3. Thermal phenomena at evaporation
Dunn et al. [35] solved the coupled problem of vapour diffusion and
heat transfer for the evaporation of sessile droplets of different liquids
on substrates with different thermal properties. They demonstrated
both experimentally and numerically that the heat conductivity of the
substrate strongly inﬂuences the evaporation rate. Decreasing the heat
conductivity of the substrate causes the decrease of the evaporation
rate.
Experiments by David et al. [36] have also shown that temperature
in the bulk of a sessile evaporating droplet substantially depends on
the thermal properties of the substrate and the rate of evaporation.
Their measurements (Fig. 4) clearly show that temperature of an evap-
orating droplet is different from the ambient temperature and almost
constant in the course of evaporation. The latter is used below.
In [32] the dependence of the total vapour ﬂux, J, on the radius of the
droplet base, L, and the contact angle, θ was investigated using numer-
ical simulations. All calculations were performed with effects of both
local heat of vaporization (LHV) and Marangoni convection (MC) in-
cluded. The results were obtained for substrates made of materials of
various thermal conductivity and compared to those calculated for theFig. 4. Evolution of temperature inside the droplet afterwater droplet is deposited on PTFE
substrate. Redrawn from [36].
Fig. 6. Universal behaviour: rescaled dependence of the total vapour ﬂux from the droplet
surface, J, on contact angle, θ, L = 1 mm. Both LHV and MC are taken into account. All
points from Fig. 5 are on the universal isothermal curve (the same as in Fig. 5) and indis-
tinguishable, when Tsurf used as the temperature of the droplet–air interface. Redrawn
from [32].
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case of highly heat conductive solid support (copper) the difference be-
tween the present simulations and the results from [33,37] for isother-
mal case do not exceed 3% [32]. The latter is because of a small
temperature change at the droplet surface, which is close to isothermal
conditions. However, if other materials are used with lower heat con-
ductivity (down to the heat conductivity of air), then the evaporation
ﬂux is substantially reduced as compared with the isothermal
case [32]. Such ﬂux reduction is connected to the noticeable tempera-
ture decrease of the droplet surface.
In [32] the mean temperature of the droplet surface: Tsurf ¼ 1S ∫
S
Tsds
was introduced, where S is the surface area of the evaporating droplet.
The dimensionless total ﬂux J/Jπ/2(L,Tsurf) was plotted in [32], where Jπ/2
is the total ﬂux in the case then the contact angle is equal to π/2. All cal-
culated total ﬂuxes [32] for all substrates turned out to be on one univer-
sal dependence of total vapour ﬂux, J, versus contact angle, θ: This
universal dependency coincides with the dependency for the isother-
mal case if Tsurf is used as a temperature of the droplet–air interface.
The latter shows that the variation of the surface temperature is the
major phenomenon inﬂuencing the evaporation rate (Figs. 5 and 6).
Note that Jπ/2 in Fig. 5 was calculated by taking the temperature on
the droplet surface to be equal to the temperature of the substrate,
Tsubstr = T∞ + 5 K, whereas in Fig. 6 the average temperature, Tsurf,
was used instead.
3.1. Distribution of the density of vapour ﬂux over the droplet surface
The previous consideration shows that the proportionality of total
evaporation ﬂux, J, to the radius of the droplet base, L, and accordingly
its proportionality to the perimeter of the droplet do not necessarily
mean that evaporation occurs mostly at the droplet perimeter.
Meanwhile a number of researches in the ﬁeld showed that in the
case of contact angles θ b 90° the evaporation indeed is more intensive
in a vicinity of the three-phase contact line. Several different principles
were utilised in order to explain this phenomenon: (i) non-uniformdis-
tribution of vapour ﬂux over the droplet surface due to the diffusion
controlled process of vapour transfer to the ambient air [20,21,38];
(ii) action of Derjaguin's (disjoining/conjoining) pressure at the three-
phase contact line [11,18,22–24]; (iii) evaporative cooling of the
liquid–gas interface (due to latent heat of vaporization) and formation
of the temperature ﬁeld leading to a comparatively more intensive
evaporation at the three-phase contact line [39].
Starov and Seﬁane [39] suggested a physical mechanism of redistri-
bution of evaporation ﬂux which is controlled by the temperature ﬁeld
rather than by the process of vapour diffusion into air. According to their
model, there is convection in the ambient air, so that vapour diffusion
occurs only in a narrow boundary layer of thickness, δ.Fig. 5. Rescaled dependence of the total vapour ﬂux from the droplet surface, J, on contact
angle, θ, L = 1 mm. Both latent heat of vaporization and Marangoni convection were
taken into account. Redrawn from [32].In this case the vapour diffusion across the layer is controlled by the
difference of vapour concentrations in the ambient air and at thedroplet
surface. The latter is a function of the local temperature at the surface. In
themodel under consideration [37] the surface of a droplet is cooled by
the evaporation; meanwhile due to the high heat conductivity of the
substrate the temperature of the contact line remains equal to the am-
bient one. As a result the higher temperature at the three phase contact
line gives higher vapour concentration and more intensive evaporation
ﬂux at the droplet's perimeter (see Fig. 7).
4. Simultaneous spreading and evaporation in the case of
complete wetting
In the case of complete wetting droplets spread out completely over
a solid substrate, and contact angle decreases down to zero value. Lee
et al. [40] considered the process of simultaneous spreading and evapo-
ration of sessile droplets in the case of complete wetting. In order to
model the spreading they considered Stokes equations under a low
slope approximation [40]. The total evaporation ﬂux, J, was used
according to Eq. (1a). The whole process of spreading/evaporation
was divided into two stages: (i) a ﬁrst short but fast spreading stage,
when the evaporation can be neglected, and the droplet volume, V, is
approximately constant; and (ii) a second slower stage, when the
spreading process is almost over, contact angle approximately constant,
and evolution is determined mostly by the evaporation. On the basis of
this analysis the droplet base radius, L, is considered as a function of the
droplet volume, V, and contact angle, θ. Time derivative of L(V,θ) gives
two velocities of the contact line:
dL V ; θð Þ
dt
¼ ∂L V ; θð Þ∂θ
dθ
dt
þ ∂L V ; θð Þ∂V
dV
dt
¼ vþ−v−; ð6ÞFig. 7. Temperature distribution over thedroplet surface, Ts(r). r is the radial coordinate; Ts,
cr is the temperature of the droplet surface at which the evaporation ﬂux vanishes; L is the
radius of the droplet base; Δ is an area within the vicinity of the three-phase contact line,
where evaporation mostly takes place. Redrawn from [39].
Fig. 8.Dependency of a reduced radius of the droplet base, L/L0, against reduced time, t/τ0,
calculated according to Eqs. (1b) and (12) (solid line) for comparing different liquids
spreading/evaporating on solid substrates. Experimental data extracted from various liter-
ature sources [40]:♦ — octane; □ — water; ▲ — silicon oil (3 μl); x — silicon oil (0.5 μl);
solid line— theoretical prediction. Redrawn from [40].
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evaporation:
vþ ¼
dL V ; θð Þ
dt

V≈const
¼ ∂L V ; θð Þ∂θ
dθ
dt
; ð7Þ
v− ¼−
dL V ; θð Þ
dt

θ≈const
¼−∂L V ; θð Þ∂V
dV
dt
: ð8Þ
The spreading velocity of the contact line, v+, is obtained by Starov
et al. in [41]:
vþ ¼ 0:1
4V
π
 0:3 10γω
μ
 0:1 1
t þ t0ð Þ0:9
; ð9Þ
where γ is the surface tension of the liquid; μ is the dynamic viscosity of
the liquid;ω is the effective lubrication parameter [42]; and t0 is the du-
ration of the inertial stage of spreading when the capillary regime of
spreading is not applicable [41]. Eq. (9) is derived from Eq. (7) using
the expression for L(t) obtained by Starov et al. in [42]:
L tð Þ ¼ L0 1þ
t
τ0
 0:1
; ð10Þ
where L0 is the droplet base radius after the very fast inertial stage is
over and which is considered as an initial radius of the droplet base;
τ0 ¼ 3μL010γ πλL
3
0
4V
 3
; λ is the dimensionless constant [41,42] connected
to the effective lubrication parameter ω [41,42]. The velocity v− is
obtained from Eq. (8) using the Eq. (1b):
v− ¼
αL2
3V
: ð11Þ
In the case of complete wetting the contact angles are small enough
(less than 20°), and function F(θ) [27] varies from 0.64 to 0.68. That is,
according to the previous discussion α can be considered as a constant
with a good degree of approximation.
Substituting Eqs. (9) and (11) into Eq. (6) leads to the following
equation:
dL
dt
¼ 0:1 4V
π
 0:3 10γω
μ
 0:1 1
t þ t0ð Þ0:9
−αL
2
3V
: ð12Þ
The latter gives a system of two differential Eqs. (1b) (where α is a
constant) and (12) with the following initial conditions [40]:
V 0ð Þ ¼ V0; ð13Þ
L 0ð Þ ¼ L0 ¼
10γω
μ
4V0
π
 3	 
0:1
t0:10 ð14Þ
where V0 is the initial droplet volume and L0 is the droplet base radius
after the very fast initial stage is over. Solution of this system of equa-
tions in non-dimensional form gives a universal lawof process of simul-
taneous spreading and evaporation for the case of complete wetting,
which is conﬁrmed by experimental data from various literature
sources [40] (see Figs. 8 and 9).
5. Simultaneous spreading and evaporation in the case of
partial wetting
Aswe alreadymentioned above in the case of partialwetting contact
angle hysteresis is the most important feature: in the presence of con-
tact angle hysteresis the evaporation of a sessile droplet in nonsaturated
vapour atmosphere goes through four consequent stages (Fig. 10).Spreading stage. During this short stage immediately after a deposition
both the contact angle and radius changes simultaneously reaching in
the end values θad and Lad, correspondingly. These values are used as ini-
tial values for the following ﬁrst stage. It is possible to neglect evapora-
tion during spreading stage and, hence, it can be described using
conventional hydrodynamic approach [1] (see also a consideration
above on the static advancing contact angle). Stage I of evaporation.
The contact angle decreases from θad down to static receding contact
angle, θr, at constant radius of the droplet base, L = Lad. Stage II of evap-
oration. Contact angle remains constant and equal its receding value, θr,
while the radius of the droplet base, L, decreases. Stage III of evaporation.
Both the contact angle, θ, and the radius of the droplet base, L decrease
until the drop disappears completely. This stage is also relatively shorter
as compared with the stages one and two. Probably surface forces
(disjoining/conjoining pressure) become important during this stage
[1,11]. Some consideration of the third stage is undertaken below.
Below only two longest stages of evaporation, I and II, are under
consideration.
Detailed study of stages I and II in the case of pure liquids has been
performed in [43]. It was assumed in [43] that during both stages of
evaporation the droplet retains the spherical shape. That is, the volume
of the droplet, V, can be presented as follows:
V ¼ L3 f θð Þ; f θð Þ ¼ π
3
1− cosθð Þ2 2þ cosθð Þ
sin3θ
: ð15Þ
During both stages of evaporation, I and II, the mass conservation
law has the form given by Eq. (1a), where the parameter β does not de-
pend on the age of droplet as it was explained above and, hence, re-
mains constant. There is a separate section in the end of this paper,
where methods are presented for the calculation of parameter β.
5.1. The ﬁrst stage of evaporation
During this stage of evaporation the radius of the contact line re-
mains constant and equals to Lad (Fig. 10). Hence, Eq. (1a) can be rewrit-
ten as L3ad f
′ θð Þ dθdt ¼−βF θð ÞLad,or:
L2ad f
′ θð Þdθ
dt
¼−βF θð Þ; ð16Þ
with the initial condition
θjt¼tad ¼ θad: ð17Þ
Note, that the static advancing contact angle, θad, should be taken from
the experimental data, because it cannot be determined independently in
Fig. 9. A reduced contact angle θ/θm, where θm is a contact angle at the time when the droplet base radius reaches the max value, against a reduced time t/τ0 calculated according to
Eqs. (1b) and (12) (solid line) and experimental data from various sources. Redrawn from [40].
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was introduced in [43]: τ ¼ t−tadtch , where tch ¼
L2ad
β is the characteristic time
of the process. Eq. (16) now takes the following form:
f ′ θð Þ dθ
dτ
¼−F θð Þ: ð18Þ
Direct integration of the latter equation with the boundary condi-
tion (17) results in
A θ; θadð Þ ¼ τ; ð19ÞFig. 10. Spreading stage and the three stages of evaporation in the case of partial wetting.
Reprinted with permission from [47] Copyright (2013) American Chemical Society.where A θ; θadð Þ ¼ ∫
θad
θ
f ′ θð Þ
F θð Þ dθ. Eq. (19) shows that the deduced depen-
dency should be universal and does not depend on the nature of the
liquid and the droplet volume. The only parameter left is the initial con-
tact angle (static advancing contact angle), which is supposed to be in-
dependently determined.
The ﬁrst stage proceeds until the contact angle reaches its ﬁnal value
equal to the static receding contact angle. Using Eq. (19) we conclude
that the end of the ﬁrst stage, τr ¼ tr−tadtch , is determined as the moment
when the contact angle reaches the value of a static receding contact
angle, θr:
A θr ; θadð Þ ¼ τr; ð20Þ
where, again the static receding contact angle θr is supposed to be
extracted from the experimental data.
Let us introduce a newdimensionless time. Eq. (19) can be rewritten
as:
Zπ=2
θ
f ′ θð Þ
F θð Þ dθ ¼ τ þ
Zπ=2
θad
f ′ θð Þ
F θð Þ dθ; ð21Þ
or
K θð Þ ¼ eτ; ð22Þ
where, K θð Þ ¼ ∫
π=2
θ
f ′ θð Þ
F θð Þ dθ ¼ A θ; π=2ð Þ , and eτ ¼ τ þ K θadð Þ is a new di-
mensionless time. The contact angle π/2 was selected arbitrarily having
inmind that comparison belowwill be undertakenmostly in the case of
non-wetting.
Eq. (22) represents the unique curve describing the ﬁrst stage of
evaporation. Comparison of the presented theory with available exper-
imental data from various literature sources is presented in Fig. 11 and
shows a very good agreement between theory prediction and experi-
mental data.
Fig. 11. Dependence of contact angle, θ, on dimensionless time, eτ during the ﬁrst stage of
evaporation. Solid line is the theoretical prediction according to Eq. 22. Experimental
points are taken from various literature sources. Redrawn from [43].
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During this stage the contact angle remains constant but the radi-
us of the contact line decreases. Hence, Eq. (1a) can be rewritten now
as3L2 f θrð Þ dLdt ¼−βF θrð ÞL. Let us introduce the samedimensionless time,
τ, as before and dimensionless radius of the contact line: ‘ ¼ L=Lad . The
latter equation can be rewritten as
d‘2
dτ
¼−2
3
F θrð Þ
f θrð Þ
; τ N τr ð23Þ
with the following initial condition: ‘ τrð Þ ¼ 1. Direct integration of the
Eq. (23) results in ‘2 τð Þ ¼ 1− 2F θrð Þ3 f θrð Þ τ−τrð Þ, or:
‘ τð Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−2F θrð Þ
3 f θrð Þ
τ−τrð Þ
s
: ð24Þ
Eq. (24) gives a universal dependence during the second stage of
evaporation.
Introduction of a new dimensionless time τ ¼ 2F θrð Þ3 f θrð Þ τ−τrð Þ in the
Eq. (24) results in the following universal dependency of the contact
line on time:
‘ τð Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1−τ
p
: ð25Þ
Eq. (25) represents the unique curve describing the second stage of
evaporation (Fig. 12).
Among other experimental evidences of the validity of proposed
theory of diffusion-limited evaporation, Sobac and Brutin demonstrated
it in their work [44]. They investigated the inﬂuence of the surface prop-
erties of substrates on the evaporation process. Various nanocoatings inFig. 12. Second stage of evaporation. Dependence of dimensionless radius of the contact
line, ℓ, on dimensionless time, τ. Solid line is the theoretical prediction according to Eq.
(25) Experimental points from various literature sources. Redrawn from [43].their experiments allowed modifying the surface properties of sub-
strates, such as the roughness and the surface energy,whilemaintaining
constant thermal properties. Usingﬁve liquids and four coatings authors
have got a wide range of experimental data with different dynamics of
the triple line, different volatility of ﬂuids, and a large range of values
of wettability. Their experimental results are in very good quantitative
agreement with existingmodels of quasi-steady, diffusion-driven evap-
oration. Authors conﬁrm that the models succeed in describing the
evaporative dynamics throughout the evaporation process regardless
of the volatility of liquids and the behaviour of the triple line.
6. Calculation of parameters in the case of complete and
partial wetting
In the case of relatively big droplets, that are bigger than 1 μm, diffu-
sive regime of evaporation prevails according to [45,46] and only such
droplets were considered above and are considered below in this
section.
The only parameter, which should be determined, is the parameter,
β (see Eq. (1a)). Calculation of this parameter is very much different in
the case of complete wetting and partial wetting.
6.1. Complete wetting case
In this case contact angle remains low from the beginning through
the end of the spreading process: less than 20° in all experiments used
in [40] for comparison of the theoretical predictions and experimental
data. In this case the function F(θ) (Eq. (1a)) varies in between 0.64
and 0.68. That is in a good approximation can be considered as a con-
stant. According to that function F(θ) was assumed a constant, that is,
the parameter α in Eq. (1b) was considered as a constant to be deter-
mined. The parameter α in Eq. (1b) was calculated in the following
way [40]. Eq. (1b) was integrated, which resulted in:
V ¼ V0−α
Zt
0
L tð Þdt: ð26Þ
Experimental dependencies of the volume of the droplet on time,
V(t), were plotted against ∫
t
0
L tð Þdt . In all cases, V(t) showed a linear
trend (Fig. 13). Using these linear dependencies, the proportionality co-
efﬁcient αwas extracted [40].
6.2. Partial wetting
In this case the situation is completely different. Eq. (1a) is rewritten
below in a different form to calculate the parameter β.
It is easily concluded that the droplet volume, V, can be expressed via
the radius of the droplet base, L, and the contact angle, θ, according
Eq. (15) as L ¼ V1=3
f 1=3 θð Þ. Eq. (1a) can be rewritten now using the latter ex-
pression in the following form:
dV
dt
¼− βB θð ÞV1=3; B θð Þ ¼ F θð Þ
f 1=3 θð Þ : ð27Þ
In the case of partial wetting there are four stages of spreading/
evaporation (see Fig. 10). As mentioned above only the longest stages
I and II of evaporation are under consideration: stage I, when the radius
of the droplet base remains constant, but the contact angle decreases
over time from the initial value equal to static advancing contact
angle, θad, to static receding contact angle, θr; and the following stage
II, when the contact angle remains constant and equal to the static re-
ceding contact angle, θr, while the radius of the droplet base shrinks.
Fig. 13. Experimental dependences and straight lines ﬁtted according to Eq. (26). Redrawn from [40].
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constant.
In Fig. 14 the plot of function B(θ) is presented, showing that
B(θ) ~ 0.8 at θ N 40° and remains within a narrow limit between 1
and 0.8 when contact angle changes between 20° and 40°. The latter al-
lows us to conclude that the function B(θ) can be considered a constant
also during the stage I with a reasonable degree of approximation.
Hence, we can rewrite Eq. (27) as
dV
dt
¼− βB θrð ÞV1=3; V 0ð Þ ¼ V0: ð28Þ
Integration of the latter equation results in awell knowndependency
V2=3 tð Þ ¼ V2=30 −
2βB θrð Þ
3
t: ð29Þ
Eq. (29) was well conﬁrmed experimentally [47–49] and above we
presented the proof why this dependency is really valid.
Belowwe show that the dependency (29) remains valid in the case of
spreading/evaporation of both surfactant solutions and nanosuspensions.
Eq. (29) allows extracting the unknown parameter β using experi-
mental data for V(t). However, below we present a way of direct com-
puter calculations of this parameter.
7. Evaporation of microdroplets of pure liquids
In all previous considerations only a diffusion model of evaporation
was taken into account. However, according to Murisic and Kondic [50]
thismodel is not always the right one. They considered theoretically, nu-
merically and experimentally the evaporation of water and isopropanol
drops on smooth silicon wafers, which proceeded without contact line
pinning. Their theoretical model also includes Marangoni forces due to0
0.5
1
1.5
2
0 50 100 150
B
(θ)
contact angle, deg
Fig. 14. Dependency of function B(θ) from Eq. (27) on contact angle.the thermal gradients produced by non-uniform evaporation, and the
heat conduction effects both in solid and liquid phases. They im-
plemented two commonly used models of evaporation: vapour
diffusion-limited evaporation and the evaporation limited by the pro-
cesses in liquid. The authors of [50] have shown that two commonly
used evaporationmodels lead to qualitatively different results, including
drop evolution and thermal gradients along the liquid–gas interface. The
procedure they used has effectively allowed for a direct comparison be-
tween the predictions of the two evaporationmodels corresponding to a
particular physical set-up. Both models of droplet evaporation agreed
with their experiments for different liquids.
The kinetic effects at the liquid–gas interface (Hertz–Knudsen–Lang-
muir equation), dependency of vapour pressure on the droplet curva-
ture (Kelvin's equation), Stefan ﬂow (the ﬂow generated by the
production of vapour phase) were neglected in the diffusion model of
evaporation. It was shown in [45,46] that inﬂuence of these phenomena
is negligible if the size of aqueous droplet is bigger than 1 μm.However,
for smaller droplets these phenomena become important, and a smooth
transition between diffusive and kinetic models of evaporation is ob-
served for submicron drops of water.
By saying “kinetic effects” everywhere below we mean the effects
which appear due to the fact that the rate of molecules transfer across
the liquid–gas interface has a ﬁnite value. When this rate (represented
by the well-known Hertz–Knudsen–Langmuir equation) is comparable
to (or smaller than) the rate of vapour diffusion above the liquid–gas in-
terface, then kinetic effects become noticeable or even dominate. Even
though we take into account the ﬁnite rate of molecule transfer across
the interface, we ignore the effect of vapour recoil, because the evapora-
tion is not that intensive as evaporation into vacuum, and we believe
that recoil pressure is negligible in our case.
Computer simulations of evaporation of small sessile droplets of
water are performed in [45,46]. The adopted model [45,46] combines
diffusive and mentioned above extra models of evaporation. The effect
of latent heat of vaporization, thermalMarangoni convection and Stefan
ﬂow (generated by the production of vapour phase) in the surrounding
gas was also taken into account. The investigated system was an aque-
ous droplet on a heat conductive substrate (copper) in air [45,46]. Re-
sults of modelling allowed estimating the characteristic droplet sizes
when each of the mentioned above phenomena become important or
can be neglected.
The model used in [45,46] is valid only for droplet size bigger than
the radius of surface forces action, which is around 10−7 m = 0.1 μm.
That is, the data presented in [45,46] for the droplet size smaller than
10−7 m are used only to show the trend. The results obtained in
[45,46] can be summarised as follows: (i) deviation of the saturated
Fig. 16. Exponent n for the dependence Jc,i ~ A(θ)⋅Ln for the isothermal model of evapora-
tion. Parameters used: θ = 90°; relative air humidity is 70%. Note: results for L b 10−7 m
do not have physical meaning, as surface forces action must be included into the model
here. These points are shown to demonstrate the trends of curves. Reprintedwith permis-
sion from [46] Copyright (2012) American Chemical Society.
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can be neglected when the radius of the droplet base, L, is bigger than
10−7 m, (ii) a deviation from the pure diffusion model of evaporation
can be neglected for the droplet size bigger than 10−6 m, and (iii) devi-
ations from diffusionmodel become noticeable only if the droplet size is
less than 10−6 m. These deviations are caused by an increasing inﬂu-
ence of the kinetic effects at the liquid–gas interface (Hertz–Knudsen–
Langmuir equation) and this theory should be applied together with
the diffusion equation of vapour in the air if the droplet size is less
than 10−6 m.
The latter conclusions show that a consideration of evaporation of
microdroplets with size that is less than 10−7 m should include both
deviation of the saturated vapour pressure caused by the droplet curva-
ture and the kinetic effects.
The latent heat of vaporization results in a temperature decrease at the
surface of the droplet. Due to that, the evaporation rate is reduced. This ef-
fect is more pronounced in the case of diffusion limited evaporation
(L N 10−5 m), when vapour pressure at the droplet's surface is saturated
and determined by local temperature. The effect ofMarangoni convection
in aqueous droplets is negligible for droplets of size L b 10−5 m. For the
system considered above, Stefan ﬂow effect appeared to be weaker than
the effect of thermal Marangoni convection for L N 10−4 m, but stronger
for L b 10−4 m. However, in all cases its inﬂuence is small and can be
neglected. The presented model [45,46] can be applied for evaporation
of any other pure simple liquid not aqueous droplets only.
According to themodel of diffusion limited evaporation the evapora-
tion ﬂux, Jc,i, must be linearly proportional to the droplet size, L, that is Jc,
i ~ L. The latter is in agreement with the data presented in Fig. 15 for
droplets bigger than 10−6 m. However, for a pure kinetic model of
evaporation (no vapour diffusion, uniform vapour pressure in the gas)
ﬂux Jc,i is supposed to be proportional to the area of the droplet's surface,
that is in the case of pinned droplets (constant contact area) Jc,i ~ L2
should be satisﬁed. To check the validity of the latter models at various
droplet sizes it was assumed in [45,46] that the dependency of the evap-
oration ﬂux on the droplet radius has the following form Jc,i ~ A(θ)⋅Ln,
where n is the exponent to be extracted from computer simulation re-
sults [45,46] and A is a function of the contact angle, θ.
The calculated values of n are presented in Fig. 16. This ﬁgure shows
that the exponent n, as expected, is equal to 1 for a pure diffusive iso-
thermal model of evaporation within the whole studied range of LFig. 15.Dependence of the aqueous droplet's total molar evaporation ﬂux, Jc,i, on the drop-
let size, L, for isothermal model of evaporation. Parameters used: θ = 90°; relative air hu-
midity is 70%. Note: results for L b 10−7 m do not have physical meaning, as additional
surface forces must be included into the model. These points are shown to demonstrate
the trends of curves. Reprinted with permission from [46] Copyright (2012) American
Chemical Society.values (diamonds in Fig. 16). Fig. 16 shows that that the diffusion
model of evaporation dominates for droplets with the size bigger than
10−5 m, that is for droplets bigger than 10 μm even in the case when
both kinetics effects and Kelvin's equation are taken into account addi-
tional to the pure diffusion.
Taking into account kinetic effects only additional to the diffusion
without Kelvin's equation (triangles in Fig. 16) results in a smooth transi-
tion from the linear dependence Jc,i ~ L, that is n = 1 (diffusive model) to
the quadratic one Jc,i ~ L2, that is n = 2 (kinetic model) as the size of the
droplet decreases down to L = 10−9 m (see Fig. 16). The latter shows
that Jc,i tends to be proportional to L2 as the size of the droplet decreases,
which means that evaporation ﬂux becomes proportional to the area of
the liquid–gas interface. However, the inﬂuence of the curvature (Kelvin's
equation) on the saturated vapour pressure results in a substantially lower
exponent n as compared with the kinetic theory (Fig. 16). Note that the
latter happens only for a droplet completely in the range of surface forces
action, that is, less than 10−7 m [1]. Below this limit the droplet does not
have a spherical cap shape any more even on the droplet's top
(microdroplets according to Ref. [1]). Evaporation process in the latter
case should be substantially different from the considered above. Thus
the rangeof sizes less than10−7 m is not covered by thepresented theory.8. Evaporation kinetics of nanosuspensions of inorganic particles
Evaporation kinetics of relatively big (bigger than 1 μm) sessile drop-
lets of aqueous suspension of inorganic nanoparticles on solid substrates
of various wettability is investigated from both experimental and theo-
retical points of view in [49]. The following nanoparticles were used: sil-
icon dioxide (labelled below as SiO2), titanium dioxide (labelled below
as TiO2) and carbon nanopowder (C). Two types of carbon nanoparticles
have been used: carbon nanoparticles with size b50 nm (labelled below
as C50) and carbon nanoparticles with size b500 nm (labelled below as
C500). The SiO2 and TiO2 particles had an average diameter of 10–20 nm
and approximately 21 nm, respectively. Carbon nanoparticles were
subjected to the annealing procedure in Dr. Mattia's laboratory at the
University of Bath, UK according to the procedure presented in [51].
The volume fraction of particles was 1% for all suspensions studied.
Three kinds of solid substrates of different wetting properties and differ-
ent thermal conductivities were used: smooth silicon wafers, ultra high
molecular weight polyethylene ﬁlms (PE) and polytetraﬂuoroethylene
ﬁlms (referred to as PTFE). Experimental results on the evaporation of
Table 1
Static advancing, θad, and static receding, θr, contact angles, B(θad), B(θr) and number of
stages for aqueous nanosuspensions on (a) PE, (b) silicon wafer and (c) PTFE substrates.
θad θr B(θad) B(θr) Number of stages
a) PE
H2O 98 74 0.78 0.78 2
SiO2 97 81 0.78 0.78 2
TiO2 93 b49 0.78 0.83 1
C50 96 75 0.78 0.78 2
C500 93 b43 0.78 0.85 1
b) Si wafers
H2O 55 b26 0.81 0.96 1
SiO2 42 b24 0.86 0.98 1
TiO2 33 b19 0.90 1.05 1
C50 50 b17 0.83 1.08 1
C500 50 b24 0.83 0.98 1
c) PTFE
H2O 111 93 0.79 0.78 2
SiO2 114 93 0.79 0.78 2
TiO2 114 b75 0.79 0.79 1
C50 112 97 0.79 0.78 2
C500 113 b70 0.79 0.79 1
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hydrophobicity/hydrophilicity are comparedwith the theoretical predic-
tions of diffusion limited evaporation of sessile droplets of pure liquids in
the presence of contact angle hysteresis discussed above and a very good
agreement is found for both evaporation stages.
Note that static advancing, θad, and static receding, θr, contact angles
cannot be determined independently from the theory used below. That
is, these contact angles were taken from experimental results [49]. It is
shown in [49] that the kinetics of evaporation of the above mentioned
aqueous nanosuspensions is in a good agreementwith the theory devel-
oped for pure liquids. The differences from the pure liquids are (i) static
advancing and receding contact angles, which are different for each
nanosuspension used and they differ from the corresponding values
for the pure water and (ii) value of the parameter β.
In some cases two stages of evaporationwere observed (stages I and
II), while in other cases only stage I was detected [49].
Table 1 presents the values of static advancing, θad, and static reced-
ing, θr, contact angles in degrees and calculated values of B(θad) and
B(θr) (see Eq. (27)) for the nanosuspensions studied. In Table 1 the
value of receding contact angle in the case of experiments where onlyFig. 17. First stage of evaporation. Summary of all nanosuspensions invone stage was observed is the last onemeasured before the droplet dis-
appears or it was no longer of the spherical cap shape. In these cases
droplet size was too small to continue the measurements.
According to Table 1 all values of B(θ) are in the range of 0.78 to 1.08
for contact angles ranging from 40 to 120°. This means that B(θ) can be
considered as a constant with a reasonable degree of approximation
when the contact angle ranges between θad and θr and is independent
of both the nanoparticle and the substrate nature.
Table 1 shows that the dependency (29) for volume on time should
be valid. Experimental results in [49] conﬁrm this assumption: depen-
dency of volume on time really coincides with that predicted by
Eq. (29). The latter allowed to extract parameter β from the slope of
these dependences [49].
In Fig. 17 the experimental data on the ﬁrst stage of evaporation are
summarised for all the nanosuspensions studied in [49]. The solid line in
Fig. 17 represents the theoretical prediction according to Eq. (22). Com-
parison shows a good agreement between the theoretical curve predict-
ed by the theory for pure water and the experimental data. Notice that
the negative values of the dimensionless time for this stage are due to
the fact that eτ ¼ 0 was arbitrarily selected as θ = π/2, thus negative
values correspond to θ N π/2. Fig. 18 presents a summary of data for
the second stage of evaporation for all nanosuspensions investigated
on all solid substrates used, where the evaporation process showed
this stage (see Table 1). Figs. 17 and 18 display that there is a good
agreement between the theoretical predictions for both stages of evap-
oration (developed for pure liquids) and experimental data on evapora-
tion (in the range of experimental error ±10%).8.1. Pattern formation on the solid
After evaporation process of nanosuspensions is ﬁnished different
patterns are observed on solid surfaces. Pattern formation after evapo-
ration of suspensions was reviewed in [52]. Below we add only few in-
teresting phenomena observed in the case under consideration [49].
According to Table 1 [49] all pairs nanosuspensions of inorganic
particles/substrates investigated can be subdivided into two groups:
(i) those which evaporated during ﬁrst stage only and (ii) those which
evaporated in two stages. Particles accumulated at the centre of spot
like in the case of carbon nanoparticles C50 nm on PE (Fig. 19a and b),
in the case of two stages of evaporation, or at the edges like TiO2 on
PE (Fig. 19c) and in the case when only one stage of evaporation wasestigated on all solid substrates used in [48]. Redrown from [49].
Fig. 18. Second stage of evaporation. Summary of all nanosuspensions investigated on all
solid substrates used in [48], where the evaporation process showed the second stage of
evaporation (see Table 1). Redrawn from [49].
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behind the receding three phase contact line.
Theoretical explanation of the observed pattern requires further in-
vestigations. For example, Popov [53] considered the deposit patterns
in evaporating sessile drops of a colloidal solution on a plane substrate.
His model is based on the assumption that the solute particles occupy
theﬁnite volume and hence the deposit dimensions are of a steric origin.
Within the model, proposed by Popov, the geometrical characteristics of
thedeposition patterns are found as functions of the initial concentration
of the solute, the initial geometry of the drop, and the time elapsed from
the beginning of the drying process. The model was solved analytically
for small initial concentrations of the solute and numerically for arbitrary
initial concentrations of the solute. The results are validated against
experimental data, and it is shown that the observed dependence of1
2
2
1
1
a)
c)
b
Fig. 19.Microscope pictures of patterns formed after evaporation of nanosuspensions (a)
tion), and (c) TiO2 on PE (only one ﬁrst stage of evaporation); 1 — bare surface, 2 — depothe deposit dimensions on the experimental parameters can indeed be
attributed to the ﬁnite dimensions of the solute particles. These results
are important for understanding the evaporative deposition.9. Wetting and evaporation of droplets of surfactant solutions
The previously developed theory for evaporation of droplets of pure
liquid was applied for investigation of kinetics of evaporation of surfac-
tant solutions. In this case relatively big droplets are under consider-
ation, that is a diffusion kinetics of evaporation can be applied.
Kinetics of evaporation of droplets of aqueous solutions of SILWET
L77 on highly hydrophobic substrate was investigated in [48]. This sur-
factant was chosen because it is a superspreader [54–57], i.e. aqueous
solutions of SILWET L77 demonstrate complete wetting on moderately
hydrophobic substrates. A pH 7.0 buffer was used in this study as a sol-
vent to prevent hydrolysis of the SILWET L77. Silicon wafers covered by
amorphous Teﬂon (TEFLON-AF below) were used as hydrophobic sub-
strates. Themacroscopic contact angle of either pure water or buffer so-
lution was (118 ± 2°) on those substrates. Drops of 4 mm3 were
deposited onto the substrate for measurements. Five independentmea-
surements were performed for each experimental point reported and
the average was used. The experimental technique used was similar to
the one used earlier by Ivanova et al. [58,59].
The spreading and evaporation of droplets of surfactant solutions
demonstrate four stages as in the case of pure liquids (Fig. 10). As
discussed in detail by Svitova et al. [60] and Ivanova et al. [59], during
the spreading process (initial stage) it is possible to use a power-lawde-
pendency of the contact angle on time. In experiments presented in [48]
the characteristic time scale of the initial stage of spreading was found
to be in the range of tad–50 s. This value is similar to those found in
Ref. [59] for aqueous trisiloxane solutions. This stage is short enough,
less than 100 s, and the volume change is less than 5% [59] and,
hence, it is possible to neglect evaporation during this stage.2
1
)
C50 nm on PE — whole spot, (b) — magniﬁcation of the edge (two stages of evapora-
sit. Redrawn from [48].
Fig. 20. Sketch of the solid support adopted for calculations of parameter β. An aqueous
droplet is placed on silicon wafer, covered with a thin amorphous Teﬂon layer. The silicon
wafer is placed on a thick glass support. Reprinted with permission from [47] Copyright
(2013) American Chemical Society.
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The previous consideration shows that β is the only parameter in the
above theory (see Eq. (1a)). Above we described a procedure of
extracting this parameter fromexperimental data in the case of complete
wetting (Eq. (26)) and partial wetting (Eq. (29)). However, there is a
possibility to calculate the parameterβ using amore sophisticatedmeth-
od presented in [32] based on the direct computer simulations of the
evaporation process. This procedure is presented below.
The schematic presentation of the solid support used for the mea-
surements of the evaporation of aqueous surfactant solutions is shown
in Fig. 20 and the computational scheme was developed accordingly.
The geometrical and physical parameters, which were selected for
calculations are shown in [48].
Parameter βwas extracted from the results of computer simulations
as β ¼ Jρl F θð ÞL, where J is the total mass ﬂux of droplet evaporation, ρl is
water density, L is the radius of the droplet base, and F(θ) is the function
of contact angle determined by Picknett and Bexon [27]. Numerical
modelling described in [32] was used to predict the dependence of β
on the ambient temperature, T∞ and humidity H.
Figs. 21 and 22 show that the parameterβdecreaseswith the increas-
ing of relative humidity, H, at constant ambient temperature, T∞, and in-
creaseswith temperature at constant humidity. The experimental results
conﬁrm the trends shown by the computer calculations (Figs. 21 and
22): a) for a given temperature, T, the parameter β decreases as H in-
creases; and b) for a given humidity,H, the parameter β increaseswith T.292 294 296 298 300 302 304
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Fig. 21. Calculated parameter β as a function of temperature of the ambient air at various
relative humidities. Reprinted with permission from [47] Copyright (2013) American
Chemical Society.In all experiments presented in [47,48] (see below) similarly to
experiments with pure liquids and nanoﬂuids discussed above a linear
dependence V2/3(t) = V02/3 − const ⋅ twas found, where V(t) is the de-
pendence of the volume of evaporating droplet on time (see Eq. (29)).
Introducing dimensionless time τ ¼ βt
V2=30
we can rewrite Eq. (29) as
V tð Þ
V0
 2=3
¼ 1−2B
3
τ: ð30Þ
All experimental dependences of volume on time obtained for all
concentrations studied in [48] agree with the linear dependence given
by Eq. (30) (see Fig. 23). Note, that concentrations in Fig. 23 are normal-
ized by critical aggregation concentration (critical aggregation concen-
tration, CAC, is the concentration at which aggregates, for example
micelles, spontaneously appear in the bulk solution; for SILWET L77
CAC = 0.1 g/l [61]).
According to [48] all receding and advancing contact angles for solu-
tions studied were inside the range from 43° to 115°. Calculations
according to Eq. (27) show that in this range of contact angles B(θ)
varies from 0.79 to 0.86.
Fig. 23 shows an excellent linear ﬁt, which gives 23B ¼ 0:5649 and,
hence, B = 0.84735, that is, inside the mentioned above range (from
0.79 to 0.86). All other experimental dependences of volume on time
follow the linear trend predicted by Eq. (30) [48].
Important to note that experimental values of both advancing and
receding contact angles are used. Those values cannot be predicted in
the framework of the above theory.
Fig. 10 shows a qualitative behaviour of contact angle, θ, and the ra-
dius of the droplet base, L, for pure aqueous droplets. Similar behavioury = -0.5649x + 0.9952
R² = 0.9992
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Fig. 23. An experimental dependency of reduced volume of evaporating droplet on re-
duced time (Eq. (30)) for different SILWET L77 concentrations at ambient temperature
24 °C and relative humidity 50%. The value of β is taken from Figs. 21 and 22. Reprinted
with permission from [47] Copyright (2013) American Chemical Society.
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Fig. 25. Experimental dependence of advancing and receding contact angles on initial sur-
factant concentration for aqueous solutions of SILWET L-77. Reprinted with permission
from [47] Copyright (2013) American Chemical Society.
395S. Semenov et al. / Advances in Colloid and Interface Science 206 (2014) 382–398was observed [48] for aqueous SILWET L77 solution at concentration
above critical wetting concentration (critical wetting concentration,
CWC, is the concentration of surfactant abovewhich surfactant solution
spreads completely onmoderately hydrophobic substrates or its contact
angle does not change any more on more hydrophobic substrates; as a
rule CWC is several times higher than CAC; for SILWET L77 CWC =
0.40 mmol/l = 0.25 g/l = 2.5CAC [62]).
The time dependence of the radius of the droplet base for all solu-
tions studied in [48], independently of concentration is similar to that
presented schematically in Fig. 10 with Lad increasing as the surfactant
concentration increases.
Fig. 24 shows time dependences of contact angle, θ, for the SILWET
L77 aqueous solutions over the investigated concentration range. As
expected, the increase of surfactant concentration reduces both the ini-
tial contact angle (at the beginning of the spreading stage at the mo-
ment t = 0) and the static advancing contact angle (in the end of the
spreading stage). It is important to note that according to Fig. 24 the
static receding contact angle, θr, does not remain constant during the
second stage, but varieswith time at concentrations belowCWC (curves
1–3 in Fig. 24), however it does not vary any more if surfactant concen-
tration is above CWC (curves 4, 5 in Fig. 24).
Fig. 25 shows the dependence of static advancing, θad, and static re-
ceding, θr, contact angles on initial surfactant concentration, C, for aque-
ous solutions of surfactant SILWET L-77. Values of both contact angles
are presented in Fig. 25 obtained from the experimental data presented
in Fig. 24 and similar data for other concentrations in the followingway:
static advancing contact angle, θad, is equal to the contact angle at the
end of spreading process (beginning of stage I in Fig. 24); static receding
contact angle is equal to the contact angle at the end of stage one, that is,
at the moment when the radius of the droplet base starts to decrease.
Note, the lines depicting the stages in Fig. 24 are only schematic ones
and the actual beginning of stage I and stage II for each curve in Fig. 24
can deviate slightly from the points of their intersection with the lines.
It looks like that not only advancing but also receding contact angles
level off above CWC (for SILWET L-77 CWC = 0.25 g/l [62]) Dependen-
cy of the static advancing contact angle on concentration presented in
Fig. 23 is in good agreement with the previous investigation [62].
The statistic advancing contact angle presented in Fig. 25 was deter-
mined at the beginning of stage one, when the surfactant concentration
was almost identical to the initial concentration. However, the static re-
ceding contact angle was determined in the end of the ﬁrst stage, when
the surfactant concentration could be considerably higher as compared
with the initial concentration because of evaporation. Note that in the
case of concentrations below CWC the receding contact angle continuedto decrease over the whole duration of the second stage of evaporation
process. That is, the actual concentration is different from the initial one.9.2. Comparison of the experimental data for evaporation of surfactant
solutions with the theoretical predictions for pure liquids
Below the theoretical predictions for pure water are compared with
the experimental results for aqueous surfactant solutions. Note again
that both advancing and receding contact angles and their dependences
on surfactant concentrations were extracted from the experimental
data. These angles presented in Fig. 25 are very much different from
those for water. Nevertheless, according to [48] the kinetics of evapora-
tion of surfactant solutions is very similar to that of pure aqueous drop-
lets. The main differences in the case of surfactant solutions are (i) the
lower values of initial contact angles and as a consequence (ii) larger
initial radiuses of the droplet base at all concentrations; and (iii) depen-
dency of the receding contact angle on time during the second stage at
concentrations below CWC.
Fig. 23 conﬁrms that all slopes of V2/3(t) linear dependences are
equal to that of pure aqueous droplet within experimental error.
According to Eq. (30) these slops are proportional to the parameter β.
Fig. 23 and Eq. (30) conﬁrm that the parameter β does not depend on
the concentration of surfactants and, hence, the rate of evaporation
does not according to Eq. (1a).
It was found in [48] that the experimental data follow the predicted
universal curve during the ﬁrst stage of evaporation for all investigated
temperatures, relative humidities and concentrations (72 sets of θ, V
and L vs. t data).
However, the situation is more complex for the second stage of the
spreading/evaporation, though the agreement with the theoretical pre-
dictions is still rather good. Fig. 26 shows as an example the data for
concentrations below and above CAC obtained at temperature 30 °C
and relative humidity 30%. According to [48] all other investigated
cases show the same behaviour.
It is seen from Fig. 26 that there is a very good agreement with the
theoretical predictions at concentrations above CWC and there are devi-
ations from the theoretical predictions at concentrations below CWC.
This may be understood considering that for the 0 b C b CAC b CWC
the air/liquid and solid/liquid interfacial tensions change as the evapo-
ration progresses due to the increase of concentration. The receding
contact angle decreases as concentration increases in the range
C b CWC. The latter phenomenon was not included in either the com-
puter simulations or the theory above. This may also explain why the
agreement between theory and experiment for pure water is similar
to that of the more concentrated surfactant solutions at concentrations
above CWC.
Fig. 26. Comparison of the experimental results for SILWET L77 aqueous solutions for the second stage of evaporation with the universal curve predicted by the theory for pure liquids
(Eq. (25)). Example for relative humidity 30% and temperature 30 °C. Note oncemore, to plot the dependences presented in Fig. 26 experimental values of advancing and receding contact
angles were used. Reprinted with permission from [48] Copyright (2013) American Chemical Society.
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their experiments using SDS surfactant (55% RH, 21 °C) together with
the results for SILWET L-77 (90% RH, 18 °C) [48] are presented. Fig. 27
proves that the agreement with theoretical predictions is similar for
both surfactants although the scattering around the universal curve
for the second evaporation stage seems to be higher for the SDS data.
There are two different processes causing the change in the surfactant
bulk concentration during spreading/evaporation: (i) the concentrationθ 
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and experimental results of SDS [47] and of SILWET L77 [48] solutions for (a) ﬁrst stage
of evaporation and (b) second stage of evaporation. Reprinted with permission from
[47] Copyright (2013) American Chemical Society.decreases due to depletion caused by the adsorption and (ii) increases
because of the decrease of volume due to evaporation. Estimations
made in [48] have shown that for droplet size used the initial bulk con-
centration equal to CAC should decrease on about 10% due to adsorption
on both liquid/air and liquid/solid interface and about 35% should be
adsorbed at the initial bulk concentration of 0.1 CAC. The latter means
that the adsorption will result in a substantial decrease of the bulk con-
centration inside the droplet and as a result in a signiﬁcant change of
both advancing and receding contact angles. Evaporation results in an in-
crease of surfactant concentration and simultaneously its redistribution
between the bulk and interfaces due to the decrease of droplet volume af-
fecting further the value of receding contact angle. All those processes
have to be taken into account to improve the theory describing spread-
ing/evaporation of surfactant solutions.9.3. The third stage of evaporation
The results presented in [48] show (Fig. 28) that the third stage of
evaporation is much shorter than the ﬁrst and second stages. The initial
spreading stage is too short and is not shown in Fig. 28. The contact
angle deviates from the static receding contact angle, θr, and decreases
relatively fast during the third stage (Fig. 28). The latter is the problem
for a theoretical description of the process during this stage. It is well-
known that the receding contact angle can decrease at relatively high
receding velocity, however estimations performed in [48] show that
this is not the case.40
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Fig. 28.A single experiment on evaporation of a purewater droplet at 24 °C at 50% humid-
ity on Teﬂon covered siliconwafer. Reprintedwith permission from [47] Copyright (2013)
American Chemical Society.
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Fig. 29. Snapshot of evaporating droplet at two consecutivemoments close to themoment
when a sharp decrease of the contact angle takes place (Fig. 28). Reprinted with permis-
sion from [47] Copyright (2013) American Chemical Society.
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θr N 90° (non-wetting) to θr b 90° (partial wetting) takes place. It is
well established that both static advancing and static receding contact
angles on smooth homogeneous substrates (like we used in our exper-
iments) are completely determined by surface forces action in a vicinity
of the three phase contact line [1,2]. These forces are well known in the
case of partial wetting (modiﬁed DLVO theory), but very little is known
in the case of non-wetting. Therefore, it has been assumed in [48] that in
the case of non-wetting those forces are considerably different from the
case of partial wetting and that just this transition from non-wetting to
partial wetting is responsible for the occurrence of the third stage.
10. Conclusions
The considerable progress has been achieved during the last decade
in understanding spreading and evaporation of liquid droplets on vari-
ous solid substrates. It has been shown that interactions in vicinity of
three-phase contact line and, in particular, disjoining pressure in this re-
gion are crucial for the processes under consideration. For example, the
nature of hysteresis of the contact angle has been explained via the s-
shape of isotherm of Derjaguin's pressure in the case of partial wetting.
In this case hysteresis of the contact angle can be observed even of mo-
lecularly smooth substrates.
Kinetics of a simultaneous spreading/evaporation was described
theoretically for the cases of complete and partial wetting of pure liq-
uids. In the case of completewetting the spreading/evaporation process
proceeds in two stages. A theory was suggested for this case and a good
agreement with available experimental data was achieved. In the case
of partial wetting the evaporation of a sessile droplet in nonsaturated
vapour atmosphere goes through four consequent stages: (i) — initial
stage, spreading, is very short (1–2 min) and therefore evaporation
can be neglected during this stage; during the initial stage contact
angle reaches the value of advancing contact angle and the radius of
droplet base reaches its maximum, (ii) — the ﬁrst stage of evaporation
is characterised by a constant value of the radius of the droplet base;
the value of the contact angle during the ﬁrst stage decreases from ad-
vancing to receding contact angle; (iii) — during the second stage of
evaporation the contact angle remains constant and equal to its reced-
ing value, while the radius of the droplet base decreases; and (iv) — at
the third stage of evaporation both the contact angle and the radius of
the droplet base decrease until the drop completely disappears; this
stage is also relatively short compared with the stages one and two of
evaporation.
It has been shown theoretically and conﬁrmed experimentally that
during the stages I and II of evaporation the volume of the droplet to
power 2/3 decreases linearly with time. If dimensionless variables are
used then the time dependence of the contact angle during the ﬁrst
stage and of the radius of the droplet base during the second stage arerepresented by a universal curve, independent of the liquid and sub-
strate used.
The kinetic effects at liquid–gas interface (Hertz–Knudsen–Lang-
muir equation), the dependence of vapour pressure on the droplet cur-
vature, and the Stefan ﬂow should be taken into considerations for the
case of nanodroplets. Inﬂuence of these phenomena is negligible if the
size of aqueous droplet is bigger than 1 μm.
The theoretical predictions made for pure liquids have been applied
to analyse experimental results obtained for nanoﬂuids (suspensions
containing nano-particles) and surfactant solutions. It turned out that
the theory developed for pure liquids is applicable for these systems as
well. The deviations from the theoretical predictions have been found
in description of the second stage of evaporations for surfactants at con-
centrations below critical aggregation concentration, because in this case
the surfactant concentration and, therefore, the contact angle have been
changing during the second stage because of the decrease of the volume.
Nevertheless even in this case the agreement between the experimental
data and the theory developed for pure liquids is rather good.
For certain combinations of particles/substrate the only ﬁrst stage of
evaporation was observed for nanoﬂuids. Spreading/evaporation of
nanoﬂuids results in pattern formation with topology depending on
particles and solid substrates used.
The theoretical description of the ﬁnal stage of evaporation is to be
developed. Most probably the surface forces play a considerable role
at this stage and have to be taken into account.
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